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Anomalous Higgs Couplings in the SO(5) X U(1)b-l Gauge-Higgs 
Unification in Warped Spacetime 

Yutaka Hosotani*) and Yutaka Sakamura**) 
Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan 

■ 

^— «j ■ The gauge couplings WWZ, WWWW , and WWZZ in the gauge-Higgs unification sce- 

' nario in the Randall-Sundrum warped spacetime remain almost universal as in the standard 

I model, but substantial deviation results for the Higgs couplings. In the 5*0(5) x f/(l)B-L 

model, the couplings WW H and ZZH are suppressed by a factor cos^h from the values 
^ ' in the standard model, while the bare couplings WW HH and ZZHH are suppressed by a 

^ O ' factor 1 — I sin^ On- Here On is the Yang-Mills AB phase (Wilson line phase) along the fifth 

\ dimension, which characterizes the electroweak symmetry breaking. The suppression can be 

used to test the gauge-Higgs unification scenario at LHC and ILC. It is also shown that the 
' WW Z coupling in flat spacetime deviates from the standard model value at moderate values 

' of Sh, contradicting with the LEP2 data. 

m ■ 

> : 

^ ■ SI. Introduction 

(N ■ 

\ In the previous paper we showed that substantial deviation in the Higgs couphngs 

' to W and Z bosons from those in the standard model is expected as a general feature 

in the gauge-Higgs unification model in warped spacetime/^ which can be tested at 
LHC and ILC in the coming future. Further the deviation in the WW Z coupling 
Q^' was shown to be very small in warped spacetime. In the present paper we give more 

^ , thorough analysis of these couplings to strengthen the statements, in addition to 

Q I give detailed account of the mass spectrum and wave functions in the gauge-Higgs 

■ sector in the 5*0(5) x [7(1)b-l model. 

^ , In the gauge-Higgs unification scenario the Higgs field in four dimensions is 

\rl \ identified with the zero mode of the extra-dimensional component of gauge potentials 

^ ' in higher dimensional gauge theory. As such, the mass and couplings of the Higgs 

5^ , field are not arbitrary parameters in theory. They follow from the gauge principle. 

The original proposal by Fairlie and by Manton to unify the Higgs field in the 
six-dimensional gauge theory with 5^ as extra dimensions was unsatisfactory as it 
gives too low Kaluza-Klein energy scale and unrealistic couplings and spectrum.^)' '^^ 
Shortly after their proposal it has been recognized that Wilson line phases, or Yang- 
Mills Aharonov-Bohm phases associated with non-simply connected extra dimensions 
can serve as the Higgs field in four dimensions. These phases, denoted as in the 
present paper, label classically degenerate vacua. The value of is determined at 
the quantum level. When the value is nontrivial, the gauge symmetry is dynamically 
broken. *^^'^) 

The scenario of identifying with a 4D Higgs field, which was applied first to 
GUT and then to the electroweak interactions, has many attractive features. 
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Besides inducing dynamical gauge symmetry breaking, it predicts a finite mass for 
the Higgs field, independent of the cutoff scale.^^^"^^^ In the electroweak theory, it 
can solve the gauge hierarchy problem. '^^ The dynamically determined value of 
depends on the details of the theory, particularly in the fcrmion sector. Astonishingly 
many of the features in the gauge-Higgs sector such as the mass spectrum and 
couplings are determined once the value of is specified. In this respect our analysis 
is robust. It is shown below that the WWH, ZZH, WWHH and ZZHH couplings 
are suppressed compared with those in the standard model. The predictions obtained 
for the gauge-Higgs couplings can be tested at LHC and ILC. If the deviation from 
the standard model is observed as indicated in the gauge-Higgs unification scenario, 
then it gives strong hint for the existence of extra dimensions. It is also confirmed 
that the WW Z coupling remains universal in warped spacetimc, but it becomes 
smaller in fiat spacetime compared with that in the standard model, thus already 
contradicting with the LEP2 data on W pair production. This strongly suggests that 
the extra-dimensional space is curved and warped, if it exists. There seems intimate 
connection between the gauge-Higgs unification scenario and the holography in the 
warped space.^^^'^^^'^^^'^^)'^^) 

The paper is organized as follows. The 50(5) x C/(1)b-l model is set up in 
the next section. The spectrum and mode functions of gauge bosons are given in 
Sec. 3, whereas those of fermions are given in Sec. 4. Approximate masses and wave 
functions of gauge fields, Higgs field, and light fermions in four dimensions are given 
in a simple form in Sec. 5. Gauge couplings and Higgs couplings are evaluated in 
Sec. 6 to make predictions described above. Gauge couplings of fermions arc briefly 
discussed in Sec. 7 and a summary is given in Sec. 8. Useful formulas are collected 
in appendices. 

§2. 50(5) X [/(1)b-l model 

We consider an 50(5) x L'"(1)b-l gauge theory in the warped five-dimensional 

spacetime. "^^^ The fifth dimension is compactified on an orbifold /Z2 with a radius 
R. We use, throughout the paper, M, A^, • • • = 0, 1, 2, 3, 4 for the 5D curved indices, 
A,B, - ■ ■ , = 0, 1, 2, 3, 4 for the 5D flat indices in tetrads, and /n, i/, • • • = 0, 1, 2, 3 for 
4D flat indices. The background metric is given by^^^ 

= GMNdx^dx^ = e-'^''^y\^,^dxi'dx'' + (2-1) 

where r]^y = diag(— 1, 1, 1, 1), (t(j/) = a{y + 2'kR), and a{y) = k \y\ for \y\ < ttR. The 
cosmological constant in the bulk 5D spacetime is given hy A = —k"^. {x^, —y) and 
(x^, y + 2itR) arc identified with (x^, y). The spacetime is equivalent to the interval 
in the fifth dimension y with two boundaries at y = and y = irR, which we refer 
to as the Planck brane and the TeV brane, respectively. 

There are SO{5) gauge fields Am and U{1)b-l gauge field Bm- The former are 
decomposed as 

10 3 3 4 

Am = Y1 ^mT' = E ^m^^'^" + E 2^"^ + E ^M^"' (2-2) 

1=1 aL=l aR=l a=l 
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where T"^^"^ (cl, or = 1, 2, 3) and (a = 1, 2, 3, 4) are the generators of S'0(4) ~ 
5C/(2)l X 5'f/(2)R and SO{b) / S0{^), respectively. The spinorial representation of 
is tabulated in ()A-ip in appendix A. As a matter field we introduce a spinor 
field li^ in the spinorial representation of SO{f>) {i.e., 4 of SO{f>)) in the bulk as an 
example. 

The relevant part of the action in the bulk is^'^)'^^) 



S = jd'x ^ [-tr (^F(-^)^^^Fifi + + £ 



(^) 

gh 



(2-3) 



where G = det(GAfAr) and = ej^ F^. The 5D 7-matrices F"^ are related to the 
4D ones 7'' by F'^ = 7^ and F'^ = 75 which is the 4D chiral operator. The gauge- 
fixing functions f^f'^^ are specified in the next section. C^^'^^ are the associated 
ghost Lagrangians, and is a bulk (kink) mass parameter. Since the operator 
is Z2-odd, we need the periodic sign function e{y) = a'{y)/k satisfying = ±1. 
The field strengths and the covariant derivatives are defined by 

^MN = 9mAn - On Am - igA[AM,AN] , 

Vm^ = - ^iO^t^FAB - igAAM - ^Y^B-L^A/j (2-4) 

where gA {gs) is the 5D gauge coupling for Am (Bm), Qb-l is a charge of U{1)b-l, 
and F^^ = ^[F^, F^]. The spin connection 1-form uj^^ = ojj^f^dx^ determined 
from the metric (j2-ip is 

u)'^^ = —a'e~'^dx'^ , other components = 0. (2-5) 

The boundary conditions at the fixed points yo = and y-,^ = ttR, which preserve 
the orbifold structure, are 



X) -y^ = {-Ay) + y^^f' 

{x, yj -y)= ( J^^) Vj + y) ' 



By 

^{x, yj -y)= r]jPjj5^{x, yj + y) , (2-6) 

where rjj = ±1 (j = 0, vr). Pj G SO{5) are constant matrices satisfying Pj = 1. In 
the present paper we take 

Po = P.= , ) (2-7) 
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in the spinorial representation, or equivalently Pq = -fw = diag(— 1, — 1, — 1, — 1, 1) 
in the vectorial representation. Then the gauge symmetry is broken to SO (4) x 
U (1)b-l ~ SU (2)l X SU (2)p{ x U (1)b-l at both boundaries. (The broken generators 
are T*^; a = 1, 2, 3, 4.) It is convenient to decompose as 



where q and Q belong to (^,0) and (0, ^) of 5C/(2)l x SU{2)^, respectively. 

Fields with Neumann boundary conditions at both boundaries have zero modes 
when perturbation theory is developed around the trivial configuration Am = 0. 
With (j2-6p and (j2-7p there arise zero modes for Ay (a = 1, 2, 3, 4). They are identified 

with the SU (2)l doublet-Higgs field in the standard model; <P oc {A^+iA^, A^-iA^y. 

A nonvanishing expectation value of Af^ gives rise to a Wilson line phase or Yang- 



More explicitly, 



Mills Aharonov-Bohm phase, 6h = gA Jq""^ dy (aI) /2V2 = {gA/V2) f^^ dy {aI 



.4 , 2V2ke^''y 



<4) = ^J,.,._^ <>« ^ p'i)) 

Although 7^ gives vanishing field strengths, it affects physics at the quantum 
level. The global minimum of the effective potential for determines the quantum 
vacuum. The nonvanishing On induces dynamical electroweak gauge symmetry 
breaking. 

There are residual gauge transformations which maintain the boundary condi- 
tion (j2-6p .^^'^^^ A large gauge transformation given by 

= exp jmvr _ ^ {2V2T')j (2-10) 

(0 < y < ttR, n: an integer) shifits by On + 27rn, which implies that all physical 
quantities are periodic functions of 0h- The large gauge invariance is vital to guar- 
antee the finiteness of the Higgs boson mass.^^^'^^^ The ^H-dependent part of the 
effective potential diverges without the large gauge invariance. 

The even-odd property in (l2-6p does not completely fix boundary conditions of 
the fields. If there are no additional dynamics on the two branes, fields which are 
odd under parity at y = or ttR obey the Dirichlet boundary condition (D) so 
that they vanish there. On the other hand, fields which are even under parity obey 
the Neumann boundary conditions (N). For gauge fields the Neumann boundary 
condition is given by dA^/dy = or d{e~'^'^y Ay) / dy = 0. As a result of additional 
dynamics on the branes, however, a field with even parity, for instance, can effectively 
obey the Dirichelet boundary condition. The field develops a cusp-type singularity 
there due to brane dynamics. As discussed below, the 50(4) symmetry on the 
Planck brane is broken to SU{2)i^ x U{\)y in this manner. 

Let us define new fields A'lf and A^j by 
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Table I. Boundary conditions for the gauge fields. aL,aR = 1,2,3 and a - 
tion (D,N), for example, denotes the Dirichlet boundary condition at y 
boundary condition aX y = nR. 



1,2,3,4. The nota- 
and the Neumann 













Ay 


Ay 


/|'3r 

Ay 


A^ 




(N,N) 


(D,N) 


(D,N) 


(N,N) 


(D,D) 


(D,D) 


(D,D) 


(D,D) 


(D,D) 


(N,N) 



C0 



5S 



9a + 5| 



(2-11) 



A^]^ and i?^ are even under parity, whereas Ay^ and By are odd. We suppose that 
as a result of additional dynamics on the Planck brane the even fields A^^ , A^^ , and 
A'^^ obey the Dirichlet (D) boundary condition there. The boundary conditions for 
gauge fields are tabulated in Table [H It is confirmed that the boundary conditions 
in Table H] preserve the large gauge invariance, that is, new gauge potentials obtained 
by (|2T0p obey the same boundary conditions as the original fields. We remark that 
the Neumann (N) boundary condition on the Planck brane cannot be imposed on 
A]j^, ^y^) ^'^d A'y^, as it does not preserve the large gauge invariance. Indeed, under 
a large gauge transformation (|2-1U|) . Ay 



Ay and 



^(p-^ky A/a 



d ( _ 



2ky \a 

Jiy 



2V2mTk 



,2TTkR 



1 



AT) 



(2-12) 



for a = 1,2,3 so that the Neumann boundary condition for Ay (o = 1,2,3) is pre- 
served only if Ay^ = A'T at the boundary. Since Ay^ obeys the Dirichlet boundary 
condition, Ay^ must obey the Dirichlet boundary condition as well. 

With the boundary condition in TableU the gauge symmetry SO{5) x C/(1)b-l 
in the bulk is reduced to 50(4) x C/(1)b-l at the TeV brane and to 5C/(2)l x C/(l)y 
at the Planck brane. The resultant symmetry of the theory is 5C/(2)l x U{1)y, 
which is subsequently broken to C/(1)em by nonvanishing Ay (a = 1,2,3,4) or ^h- 
The weak hypercharge Y is given by y = T^^ + gB-L/2- 

The boundary conditions of Aj^ , A'j^ , and A'^^ are changed from N to D on 
the Planck brane, if additional dynamics on the Planck brane spontaneously breaks 
5C/(2)r X [/(1)b-l to U{1)y at relatively high energy scale M, say, near the Planck 
scale Mpi so that Aj^ , A'jp^, and A'^^ have masses of 0{M) on the Planck brane. 
Below the TeV scale, the mass terms on the Planck brane strongly suppress the 
boundary values of these fields, effectively changing the boundary conditions from 
N to D at the Planck brane. With the underlying gauge invariance it is expected 
that the tree unitarity for the gauge boson scatterings^^-*"^^^ is preserved with these 
boundary conditions. 



§3. Spectrum and mode functions of gauge bosons 



In this section we derive the spectrum and mode functions of gauge fields with 
the boundary conditions listed in Table HI Although such quantities have been well 
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discussed in many papers in the case of vanishing On (see Refs. 50)-52) for example), 
the case of nonzero On becomes highly nontrivial as the boundary conditions of 
5D fields are twisted by the angle On, i.e., they are no longer either the ordinary 
Neumann or Dirichlet boundary conditions. In fact the SU{3) model has been 
analysed in Ref. 37) where it is found that the wave functions have nontrivial 
dependence. Here and in the next section we provide systematic KK analysis and 
obtained the full spectrum and the wave functions in the S0{5) x ?7(1)b-l model 
for a general value of ^h- The results obtained here are used to estimate variouos 
coupling constants in Sec. [H 

3.1. General solutions in the bulk 

The basic procedure is the same as in our previous papers. ^^'^^^ We employ the 
background field method, separating Am {Bm) into the classical part A\j (-B^/) 
and the quantum part (^m); = + ^^'^ = B^,^ + B'^. It is 
convenient go over to the conformal coordinate z = e°'^^^ for the fifth dimension; 

1 f dz'^ 
ds^ = ^ < rj^j^ydx^dx" + -p- 

dy = kzdz, Ay = kzAz, By = kzBz. (3-1) 

The boundaries are located at z = 1 and = e^'^^. The gauge-fixing functions are 
chosen^^^ as 



f^f = z'U''V';,A2 + Ck'zVl[U^, 



f^f =z'\rj^^-d^B^ + Ck^zdJ-B'^) } (3-2) 



where VljA% = OmA"}^ - igA[A%j,A%]. 

The quadratic terms for the gauge and ghost fields are simplified for ^ = 1, 



S= I d^x^ 
kz 



where 



tr {r/'^'^A^ (□ + k^V^) A'^ + k^AI (□ + ev,) + 4? } 
+V'"'B'^ (□ + k^Vi) B2 + k^B^ (□ + k^V,) B2 + , (3-3) 

□ ^^'^a^a, , V^^zVi-Vl , Vz^VlzV;-^ . (3-4) 

Here we have taken = 0, respecting the 4D Poincare symmetry. The surface 
terms at the boundaries at z = l,z,r vanish thanks to the boundary conditions for 
each field. 

The linearized equations of motion for Am become 

aAl + k'zV';-V';Al = 0, 
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and those for Bm have similar forms. The classical background is taken to be 
A'^ = vzT^ {v: real constant) below. 

We move to a twisted basis by a gauge transformation!*^ 

Am = fiAljQ^'^, Bm = B^^, 

n{z) = exp l^fA ^ " dz' v4^(/)| . (3-6) 

As shown in Refs. 5), 56), 57), sets of boundary conditions related by gauge transfor- 
mations form equivalence classes and all sets in each equivalence class are physically 
equivalent. Dynamics of the Yang-Mills AB phase 0h guarantees the equivalence. 
In the twisted basis the classical background of the gauge fields vanishes so that 
the linearized equations of motion reduce to free field equations, while the boundary 
conditions become more involved. 

nA^ + k^(^d^,-^d,^A^ = o , nA, + e(^d^-^d, + ^^A, = o , 

OB^ + e (^d^,-^d,^B^ = , nB, + e(^d^-^d, + ^^B, = . (3-7) 
Thus the equations for eigenmodes with a mass eigenvalue m„ = kXn are 



\2 [ zi 



d^ 1 d 

dz^ z dz 

With these eigenfunctions the gauge potentials are expanded as 

i^(x,z)= j;/.i„(z)4")(x) , ii(x,z)=5]/i;„(z)^W(x) , 

n n 

B,{x,z)=Y^hl^{z)A(;^\x) , B,{x,z) = ^h^^^{z)^(-\x) . (3-9) 

n n 

The general solutions to Eq. (j3-8p are expressed in terms of the Bessel functions as 

hA,n{^) = z {a^ „ Ji(A„z) + „yi(A„z)} , 

^^,n(^) = ^{a^,n-^o(A„2;) +/3^,„lo(An^;)} , (3-10) 

where / = {ai,,aji,d,B) and a^s and PnS are constants to be determined by the 
boundary conditions. 



*-* We define 0{z) so that J7(2^) = I4 in contrast to our previous work^-''^^-' where it is defined 
as S7{1) — I4. 
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3.2. Mass eigenvalues and mode functions 

To determine the eigenvalues A^'s and the corresponding mode functions (13-lOp . 
we need to take into account the boundary conditions hsted in Table [H In this 
subsection we mainly examine the 4D components of the gauge fields {A^, B^). 
The mass spectrum and the mode functions for the extra-dimensional components 
{Az^Bz) are examined in the next subsection. 

At the boundaries 

d,A1^ = d^Al = , = A'^^ = Al = Q at z = 1 , (3-11) 

= d.A';^ = d,B^ = , Af, = atz = z^ . (3-12) 

We translate these conditions into those in the twisted basis {Am, Bm)- Among the 
extra-dimensional components of the gauge fields, only A" can have non- vanishing 
vacuum expectation values (VEV). With the residual 5C/(2)l x U{\)y symmetry, we 
can restrict ourselves to 

Al = vzT^, (3-13) 
where a constant v is related to by 

= 1^(4 - 1) • (3-14) 

The potential has a classical flat direction along ^h- The value for is determined 
at the quantum level. Using (|3-13|) . the gauge transformation matrix il defined in 
(|3-6p is calculated as 

«(.)=exp{4«M(2y2n} = (-^^ :t). 

where 

e{z) ^ ^ r dz' Af{z') = %{zl- z') = ^h4^ ' (3-16) 
V2 Jz 2V2 4 - 1 

and C0 = cos^^(2;), sg = sin^0(z). Thus the relation between Am and Am in 
Eq. ()3-6p can be written as 











V2sece \ 


1 


4 Or 

~¥ 


H 


si 




-yplSQCB j 




■^M ) 






\/2s0C0 







■^M — ' (3T7) 

where a = 1, 2, 3. 

The boundary conditions (j3Tip and (j3T2p can be rewritten in terms of by 
using this relation. The condition (j3-12p determines the ratios between aA,nS and 
PA,nS in Eq. (|3-lUp so that the mode functions have the following forms. 

^Ani^) = C'^ri^Fifi{XnZ,\nZj,) , 
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^An(^) = CAnZFifi{\nZ,\nZT,) . 



(3-18) 



Here the functions Fa^fj{u,v) are defined in ()C-ip . The mass eigenvalue and the 
coefficients C^'s are determined by the remaining boundary condition (j3-lip . which 
amount to 



c^XuFqa 

s\XnFlfl 

^shchA„Fi,o 
for a = 1,2, and 

C,j)S\\nFlfl 
V S^S^XnF^fl 



S^XnFofl -\/2sHCH-^0,l 
c\\nFlfl \/2sHCHi^l,l 



S^XuFq^Q -\/2sHCH-Pb,l 

C4,c\XnFifi \/2c0SHCH-Fl,l 

-^/2shChA„Fi_o {c\ - 4)^1,1 

S,/,ChA„Fo,0 \/2s<^SHCHi^0,l 



, (3-19) 





— s<^A„Fi_o 


c</,A„Fo,o / 



/^3l 


\ 















0, 



(3-20) 

Fi,iCXn = , (3-21) 

where sh = sin ^^h, ch = cos ^^h- Here and henceforth, -Fo,/? without the argument 
denotes -Fq:,/3(A„, A^z^). 

subgroup remains unbroken for any value of nonzero which is identified 
with the electromagnetic gauge group U{1)em- The gauge fields are classified in 
three sectors, the charged sector 



(3-22) 



the neutral sector 

{A'^,A^^,Ai,BM) , (3-23) 

and the 'singlet' sector Aj^^. The latter two sectors are neutral under J7(1)em- The 
orthonormal relations among the mode functions are 



/^TV fly f „ „ N 



dz ~4 ~4 _ 
^ ''■A,n''-A,l — On,l 



(3-24) 



3.2.1. Charged sector [A^^ , A^^ , A^^) 

In order for nontrivial solutions to Eq. (|3-19p to exist, the determinant of the 
3x3 matrix must vanish, which leads to 



Fi,o {vr^A^z^FcoFi,! - 2sin2 ^h} = 



(3-25) 
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Once the spectrum A„, is determined by the above equation, the corresponding CA,nS 
are fixed by (j3-19p with the normalization condition ()3-24p . 

There are two cases for the mass spectrum. 
Case 1 : F^q = 

There is no massless mode and the hghtest mode has a mass of ©(rnxK)) where 
the Kaluza-Klein (KK) mass scale rnxK is given by 

fcvr 

rriKK = — — j- • (3-26) 

The coefficients n i-^ ~ ^'^L, iR, i) in the mode functions are given by 

= {I- cos 9n)Ci , 

The mass spectrum is independent of On and is the same as for the modes with 
the boundary condition (D,N) at = 0. For nonzero however, the above 
modes do not have definite Z2-parities since components with different boundary 
conditions mix with each other. This can be seen explicitly from the fact that the 
mode functions have nontrivial ^H-dependences. 
Case 2 : tt^A^z^Fcq-Fi,! = 2sin^6'H 

In this case the mass spectrum depends on ^h- The lightest mode is massless at 
= 0, while it acquires a nonvanishing mass when 7^ 0. The lightest mode is 
identified with the W boson. The coefficients in the mode functions are given by 

CA^ = {^ + cos9n) C2 , 



'^tn = (l-COS0H) C2 , 



1.1 



-1/2 



' Vl + cos2 On \ ^'^n sin2 0h(1 + cos2 ^h) 1 + cos2 0h sin^^Hj ^ ' 

One comment is in order about the behavior of C2 in the ^ limit. For the 
KK excited states, or modes with limg^^o -^n 7^ 0, either Fq^ or Fi^i is 
^An becomes dominant for the modes with Fqq = while becomes 

dominant for the modes with Fi^i = 0(0^). For the zero mode Aq = and 
C2 ^ V^Ao/4/R. 
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3.2.2. Neutral sector {A^^ , A^^^ , A^, B^) 

The determinant of the 4x4 matrix in (|3-20p must vanish, which leads to 

A„Fo,oFi,o {^^XIz^Fq^qFi^i - 2(1 + 4) sin^ ^h} = . (3-29) 

S(f, is defined in (j2-lip . This determines the mass spectrum. Once A„ is determined, 
the coefficients ^ (J = 3l, 3r, 3, in mode functions are fixed by (j3-20p with the 
normahzation condition (j3-24p . 

The neutral sector is classified into three cases. 
Case 1 : A„Fo,o = 

The massless mode (Aq = 0) identified with the photon for the unbroken [/(1)em 
has a constant mode function 

"'Afl — "a.O ~ 



hXo = , hX^ = ^^i== . (3-30) 



The massive modes have 



-1/2 



^l^g2 Lvr A„ J 

hini^) = , hl,{z) = ^h%Jz) . (3-31) 

s<t, 

(|3-30p can be obtained also from (|3-3ip by taking the Hmit of A„ 0. Note that 
the mass spectrum and the mode functions in the photon sector are independent of 
On- In fact we can extract the photon sector from the neutral sector by the following 
field redefinition. 




1 



/ C0 



2(1 + ^1) 




1 + 4 + 4 I Mm" I • (3-32) 

V V2s0 

The photon field A'Ji does not mix with the other components {A^ , ^f/^) under the 
l7-rotation in (j3-15p . 
Case 2 : Fi,o = 

The equation that determines the mass spectrum is the same as in the case 1 in 
the charged sector. The coefficients in the mode functions are given by 

C!^'„ = (1-cos0h) , 
C^a\ = - i'^ + ^os On) Cs , 
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C3 = / " ^ \ —2V2 ~ -^0,0 \ ' (3-33) 

^1 + (1 + 4*2 ) C0S2 I- ""^^ 



where t^ = Scf,/c^. 

Case 3 : tt^A^z^FcqFi,! = 2(1 + s^) sin^ 

In this case the mass spectrum depends on On. The hghtest mode becomes 
massless at 0h = while it acquires a nonzero mass when On ^ 0. The mode is 
identified with the Z boson. The coefficients in the mode functions are given by 

C^An = {c^ + COSeH(l + 4)} , 

C'ln = {4- COS en{l + sl)} , 

ci,„ = -y2(l + 4)sin0H§^C'4 , 

-£"1,1 

f-iB '^S(j,C^ 



+ COS 9n{l + 

A Vk / 4 , TT^Xlz^Fl^Fl^ Fl^ Fl^ 

^4 = ; = < 9,9 + 



-1/2 



2(1 + s2)pQg^ [vr^A^ sin2 2x cos^x sin^x^ 

sin^ X = -^r^ sin^ • (3-34) 



^4,1 

2 

Note that the 4x4 matrix in ()3-20p reduces to a direct sum of 3 x 3 and 1x1 ma- 
trices and the former is identical to the 3x3 matrix in (j3T9p if we set {s^, c^) = (0,1). 
Thus the spectrum and the mode functions of the charged sector {A^^,A^^,A^) 
are reproduced from those of {A'^, A'^ , A'^) by setting (s^j,, c,f,) = (0, 1). 

3.2.3. Singlet sector Aj^ 

Finally there is the singlet sector A^. There is no zero mode in this sector. From 
the normalization condition ()3-24p . the coefficient is determined as 

r 4 1 

CXn = V2k\^:^-F^^,j . (3-35) 

In the gauge sector, there are some classes of K.K. modes whose spectra are 
independent of 6b, i-e., the case 1 in the charged sector, the cases 1 and 2 in the 
neutral sector, and the singlet sector. In all these cases, the mode functions do not 
have nonzero components for T" (a = 1,2,3, or ±,3). This means that the modes 
in these classes do not have nonvanishing couplings to the Higgs field H = (f^'^\ 
which reflects the ^n-independence of the mass spectra. (The corresponding coupling 
constants are expressed like ()6-8p in Sect. 



3.3. Spectrum and mode functions of gauge scalars 

In this subsection the spectrum and mode functions for the extra-dimensional 
components of gauge potentials, or gauge scalars, are examined. The boundary 
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conditions for and are given by 



= A"^^ = = , dj^\=0 (3-36) 



at both boundaries. The conditions at z = z^^ determine the ratios between a^,n's 
and Pip^nS in Eq. ()3-10p so that the mode functions have the fohowing forms. 

K,ni^^ = C^,n^^0,l(A„2,A„Z^) , 

h^,n{^) = C^,nZFo,o{Kz,XnZn) ■ (3-37) 

To treat gauge scalar s, it is convenient to define 

^^L±R,^_L(^aL±^aH) ^ (3.38) 

in terms of which Eq (j3T7p can be rewritten as 

^ / cose sin^A /^r-" 
A^ J {-sine cose) \ AT 

At = Af , (3-39) 

where a = 1,2,3. In contrast to the 4D components Ajj^ and S^, the boundary 
conditions in (|3-36|) do not mix Az^^^, {Az^~'^,A'^) and B^. By making use of 
(j3-37p . the boundary conditions at the Planck brane is rewritten as 



Fo,oO'' =0 , (3-40) 

: , (3-41) 



cos 6'h-^o,o - sin 6'h-^o,i\ f CS^n ^ 



sin6lHi^i,o cos6Ih-Fi,i ) \ C^^n 
for a = 1,2, 3, and 

A„Fi,iC^,„ = , (3-42) 

Fo,oC^,n = . (3-43) 
Here F^^/j = -Fo,/3(A„, A„Z7r). The orthonormal relations are given by 
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^ J^,, = 5.,. . (3-44) 

It follows from the conditions (j3-40p and (j3-4ip that the spectra for the charged 
sector (|3-22p and the neutral sector ()3-23p are degenerate. The gauge scalar sector 
is classified into four cases specified by Eqs. (|3-4Up - (|3-43p . 

Case 1 : Singlet sector I ^°^+^ 

For the At^'*'^ components the mass spectrum is determined by 



"0,0 



. (3-45) 



There are no zero-modes and the coefficients „ in the mode functions are deter- 
mined by the normalization condition (j3-44p . 



-1/2 



Cip% ^ — C^^n — ^^,n — ) (3-46) 
where aL±R = 1,2,3 and a = 1, 2, 3, 4. 

Case 2 : Doublet sector (^"^~'',^^) 

For {A'^^^^ , A'^) the mass spectrum is determined by 

_ 4sin^gH , . 

Fo,oF,,,-^^^ . (3-47) 

From Eq. (j3-4ip and the normalization condition (j3-44p . the mode functions are ob- 
tained as 



" V A: W2;^2 +gi^2 ^1,0^0,0 ^^^2Q^ gi^2^^ 



-1/2 



-^1,1 



C^^:n+^ = = 0. (3-48) 



Case 3 : Higgs sector A'^ 

The sector ^4^ corresponds to the Higgs sector. The spectrum is determined by 

A„Fi,i = 0. (3-49) 

There is a zero-mode, which is identified as the 4D Higgs boson. It acquires a 
nonvanishing finite mass mn by quantum effects at the one loop level. It has been 
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estimated in Refs. 36), 37) that mH ~ 0.1-^avK kirRmy^ /\ sin^nl) which gives rriH in 
a range 140 ~ 280 GeV. The mode functions in this case are given by 



for the zero-mode (the 4D Hig 


gs field) 


and 






4 










- 



-1/2 



(3-51) 



for other KK modes (n 7^ 0). 



Case 4 : Singlet sector II Bz 

The spectrum is the same as in Case 1, but the mode functions are non- vanishing 
only in the Bz part. They are given by 

-1/2 

Cip^n^ = C'^^n — 0> (3-52) 
where aL±R = 1,2,3 and a = 1, 2, 3, 4. 

Notice that the spectrum depends on only in the doublet sector. In other 
words, the Higgs field couples only to the doublet sector. 



§4. Spectrum and mode functions of fermions 



Masses of quarks and leptons can originate not only from gauge interactions 
and bulk kink masses in the fifth dimension, but also from brane interactions with 
additional fermion fields on the branes. Indeed such additional interactions seem 
necessary to realize the observed mass spectrum and gauge couplings in the quark and 
lepton sectors. The main focus in the present paper is gauge-Higgs interactions, and 
we defer, to a separate paper, detailed discussions about how to construct realistic 
models. At the moment we merely mention that one can introduce chiral spinor 
fields xr on the Planck brane and xl on the TeV brane, which have mixing terms 
with the bulk fermion ^. Let us take r/o,7r = +1 in (j2-6p so that the .^2-pai'ities are 
assigned as Table HIl for a fermion multiplet in the spinor representation of 5*0 (5). 
We further suppose that XRi = 1)2) and xl have the same quantum number 
as Qri and qi, where i denotes the S'C/(2)R-doublet index. The Lagrangian in the 
fermionic sector, then, would be 

iipr^VN^ - iMq,e^^ 
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Table II. The Z2-parities of the fermions. We take the same parity assignment at both boundaries. 





Qr 


qL Ql 


even 


odd 


odd even 



+ XI {'^XRiYl^i^XRi - {ifJ-QiXRiQu + h.c.)} d{y) 



i=l 



+{iXLl^T^iJiXL - (i/J'qXLqR + h.c.) ^S{y- ttR) 



(4-1) 



where /Ltg and fj,q are brane-mass parameters of mass-dimension 1/2. With these 
additional parameters a reahstic spectrum can be reproduced. 

In the subsequent discussions, however, we restrict ourselves to fermions without 
branc interactions, setting /xg = fiq = and dropping XRi ^-^d XL- Accordingly the 
index i oi Qu is suppressed. We describe below how the mass spectrum and gauge 
couplings are determined, and what kind of potential problems arise in the simplified 
model. 

4.1. General solutions in the bulk 

The linearized equations of motion are 

e^'l^d^QR - {dy - 2a' + M^e)qL + ^^Ql = , 
e^i^d^QR - [dy - 2a' + M^e)QL + ^^flL = , 
e'^j'^d^QL + {dy - 2a' - M^e)qR - ^K^R = ^ ' 

e'^rd^.QL + {dy - 2a' - M^e)QR - ^^fqa = . (4-2) 

From the parity assignment and linearized equations of motion, the boundary con- 
ditions for the bulk fermions {q, Q) are determined. In the conformal coordinate z = 
e'^iy) , they are written as 

D^{c)qR = 0, qL = 0, 

Qr = 0, D+{c)Ql = 0, (4-3) 

at both z = 1 and z = Zt^. Here q = z~'^q, Q = z~^Q, and 

D,(c).±± + l (4.4) 

where c = M^/k. We remark that when there are brane interactions with local- 
ized fermions, i.e. when Hq, ij,q / 0, the above boundary conditions are modified, 
becoming no longer Dirichlet- nor Neumann-type. 



SO{5) X C/(1)b-l Gauge-Higgs Unification in Warped Spacetime 17 
We expand the 5D fermion fields into 4D K.K. modes. 

n n 

Qr{x,z) = Y.fR,ni')^Pi^)^ Ql{x,z) = (4-5) 
n n 

It follows from (j4-2p that equations for an eigenmode with a mass eigenvalue rUn = 
kXfi are given by 

^-(c)/g,„(^)-4/lnW=An/gj.), 

D+{c)fUz)+^^-fJ^{z) = XJl^{z), 

D^{c)fl^{z) + ^^-flJz) = Xj^Jz) . (4-6) 
Here = dO/dz where 9{z) is defined in (j3-16p . The orthonormal relations are 

{ {Jr,i) ^R,n + (y^R,l) fR,n} = ^^,1 , 

In order to solve the mode equations, it is convenient to move to the twisted 
basis defined in (j3-6p and (j3-15p . in which 



The mode equations are simplified to 

D-ic)fln = An/1,., ^+(C)/1,„ = An/1,., 

DAc)fJn = ^n~fl^, ^+(c)/g. = K~fl^, (4-9) 

where 

( /R,n 1 ^ ( ce ise\ ( IrA ( ftn] = ( ce iseX ( flA 



VrJ ^0 J \flnl ' \flnl y^'O eg J yf^J " 

Then (j4-5p becomes 

qR{^,z) =Y,rRj^)i^P{x), qL{x,z) = flJ^)i^P (x) , 

n n 
Qr{x,z) =Y.}l^{z)i^f{x), Ql{x,z) = Y.Jtni^W{^)- (4-11) 



(4-10) 
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The general solutions of Eqs. (l4-9p are 

fkni^) = {aUa-l{XnZ) + 6^y«_l(A„z)} , 

fR,ni^) = {a^JaMKz)+b^Y^^i{XnZ)} , 

/l,„(^) = WaiXnZ) + blY^iXnZ)} , 

/?n(^) = {(^^Jai^z) + b^Y^iXnZ)} , (4-12) 

where a = {M^/k) + |. The eigenvalues A„ and the coefficients a„'s and 5„'s are 
determined by the boundary conditions (j4-3p . 



4.2. Mass eigenvalues and mode functions 

From the conditions (j4-3p aX, z = z-,^, the ratios between a„'s and fo^'s in (j4T2p are 
determined so that the mode functions are written by using the function Fa^p{u,v) 
defined in (IC-ip as 

/fl,n(^) = Clz2Fa-l^a{XnZ,\nZT,) , 
fR,n(.^) = C^Z^Fa-l,a-l{XnZ,XnZn) , 
fl/ni^) ~ C^Z^ Fa^a.{XnZ, XnZ-ij) , 

fini^) = C^Z^F„,„_i(A„Z, XnZ^) . (4-13) 

The eigenvalue An and constants Cn and Cn are determined by the remaining bound- 
ary conditions in (|4-3p at z = 1. By making use of (j4T3p . the two conditions for 
right-handed components in (j4-3p at z = z.,^ are rewritten as E3 

cnFa,. -isnF.,.-i\ ( C^X ^ q . (4.14) 

Here Fa^p = Fa^piXn, XnZj^). For a nontrivial solution to exist, the determinant of 
the 2x2 matrix in Eq. (j4-14p must vanish, which leads to 

Tr^Xlz^Fa,-l,a-lFa,a = 4^ • (4T5) 

We have used the last formula in (|C-2p . This is the equation that determines the 
mass spectrum {A„}. Once A^ is determined , the corresponding Cn and Cn are 
fixed by (j4-14p with the normalization condition (j4-7p . The result is 



F„ 



C^ = V2k 



4 , .^Xlzl . . Fl^_, Fl 



a—l,a—l 



-1/2 



.(4-16) 



*' The remaining conditions in H4-3|) at z — provide the same conditions 



SO{5) X C/(1)b-l Gauge-Higgs Unification in Warped Spacetime 



19 



§5. Masses and wave functions of light particles 

Approximate expressions of the masses and wave functions of light particles such 
as W , Z, quarks and leptons can be obtained. The mass of the 4D Higgs particle 
is generated at the quantum level. Its mass is estimated from the effective potential 
for the Yang- Mills AB phase 

5.1. Gauge sector 

The masses and wave functions of the W and Z bosons have nontrivial 
dependence. They belong to the case 2 of the charged sector in Sec. 13.2.11 and the 
case 3 of the neutral sector in Sec. 13.2.21 whose mass spectra are determined by 

vr^A^z^Fco^i.i = 2sin^(9H , 

^^A^z^Fcoi^i,! =2(l + 4)sin2 0H , (5-1) 

respectively. Here F^^p = -^q:,/3(A„, A^Ztt). These equations are similar to those 
in the 5'f7(3) model discussed in Ref. 37), but there is an important difference in 
the numerical factors on the right sides of the two equations above. In the SU{3) 
model one has 4sin^ in place of 2sin^0H in the equation determining the W 
massEE Fig. [T] depicts the masses of the KK tower of the W boson as functions of 
On for knR = 35,3.5,0.35. Due to the numerical factor mentioned above, the mass 
spectrum does not approach a linear spectrum in in the flat limit (fcvri? 0) in 
contrast to the SU{3) model. (See Fig. 1 in Ref. 37).) For < kirR <C 1, 

Xnz^ ^ A„ > = ~ -— » 1 (n > 1) . (5-2) 

k — 1 knu 

With ()B-3p . the left-hand side of (j5Tp becomes 

TT^Xlz^FofiFi^i ~ 4sin2(7ri?m„) (n > 1) . (5-3) 
The mass eigenvalues m„ = kXn become linear functions of in the flat limit only 



if the numerical factor in the right-hand side of Eq. (j5Tp is 4,^ Therefore the K.K. 
level-crossing does not occur as increases from to vr in our model even in the flat 
geometry. This is one of the distinctive properties of the SO{5) x U{1)b-l model. 

As can be seen from Fig. (TJ the mass of the lightest mode is much lighter than 
the K.K. mass scale mxK when the warp factor = e^"^^ is large, that is, when 
AqjAqz^ <C 1. Thus one may use ()C-4p to obtain an approximate expression for the 
mass of the lightest mode in each category determined by (j5-ip and the corresponding 
mode function from (|3-28p or (j3-34p . For the W boson the mass is given by 



*•* The masses of the Z boson and its K.K. modes were not discussed in Ref. 37) as the correct 
value of the Weinberg angle 9w is not obtained in the SU (3) model. 

**^ When the numerical factor is 4, it can be easily shown that the mass of the lightest {n = 0) 
mode also becomes a linear function of On in the flat limit. 
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Fig. 1. The masses of W boson and its K.K. excited states are depicted in the unit of ttt-kk as 
functions of 6w for kirR = 35, 3.5, and 0.35 from the left to the right. 



with its mode function 

1 + cosi9h 7=bR/ \ 1 — cos^H 7+ / X sin 



zl 



(5-5) 



For the Z boson the mass is given by 



^KK 



with its mode function 



2,/(l+4Ki? ' 2J(l + 4)7ri? 



4,o(-):.-sin^HV^fl-4) ' ^io(^)^~ ; '"'t • (^-^^ 



We stress that m-^^ and mz are not proportional to the VEV of the 4D Higgs 
field, or in contrast to the ordinary Higgs mechanism in four dimensions. The 
mechanism of mass generation for the 4D gauge bosons in the gauge-Higgs unification 
scenario involves not only 4D gauge fields and scalar fields in each KK level, but also 
fields in other KK levels. The lowest mode in each KK tower necessarily mixes 
with heavy K.K. modes when acquires a nonzero value. Furthermore, there is 
mixing with other components of the gauge group at non-vanishing as well. The 
spectrum and mixing is such that they become periodic in with a period 27r. 

From (j5-4p and ()5-6p the Weinberg angle Q-w determined from ra-w and raz 
becomes 



sm = 1 ^- 



s 



2 2 2 



(5-8) 



The approximate equality in the second line is valid to the 0(0.1%) accuracy for 



"iKK = ©(TeV). In the last equality the relation gy = gAgs/ y gj^ ~^ 9b been 
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made use of. Note that defined in (12-lip satisfies ~ tan^vF- The Weinberg 
angle 9yi/ may be determined from the vertices in the neutral current interactions. 
As we will see in (j7-5p below, Oy/ determined this way coincides with that in (j5-8p to 
good accuracy. Thus the p parameter is nearly one in our model. We remark that 
the p parameter substantially deviates from 1 in the flat limit {irkR 0) when 
is nonvanishing. 

According to the classification in the gauge sector, it is convenient to devide the 
K.K. modes of the charged sector into two classes: W^""-*), corresponding to 

the cases 1 and 2 in the charged sector. Similarly the K.K. modes of the neutral 
sector are divided into three classes: {A'Ji^"'\ zj[^\ zj]^^), corresponding to the cases 1, 
2, and 3 in the neutral sector. The W and Z bosons are W^^ and zj^\ respectively. 

5.2. Fermion sector 

The mass spectrum in the fermion sector is determined by Eq. (l4T5p . For Aq^tt ^ 
1 we obtain from (|iT5]) and ([C4l) ^^)'^°) 

if ~ 1) \ ^''^ I I 

mo = A;Ao ~ A: sh . (5-9 

\z-,r sm.D.[ak-K H) sinh((a — l)k7rK) J 

The mode functions for the lightest mode ip^'^^ are obtained from Eq. (j4-14p with 
the normalization condition (|4-7p . For a > 1, for example, they are approximately 
expressed asE3 

/I ~ tsnV^k{a - l)z^° , ~CHv'2A;(a-l)z^-" . (5-10) 

It follows that the right-handed component V'/j^ is localized around the TeV brane 



while the left-handed component ^/^?^ around the Planck brane ^ For a < 0, on 



the other hand, ^ is localized around the Planck brane while V'i"^ around the TeV 
brane. 

With (j5-9p the hierarchical fermion mass spectrum can be reproduced by choos- 
ing a in an 0(1) range. However there is a serious problem in this senario as 
pointed out in Ref. 1). The gauge couplings to the W and Z bosons deviate from 
the observed values for at least one chiral component of the fermion when is 
nonzero. This is due to the fact that the wave function of one of the chiral compo- 
nents is inevitably localized around the TeV brane where the mode functions for the 
W and Z bosons deviate from the constant values (see (|5-5p and (j5-7p ). 

This problem can be avoided by introducing boundary fields and turning on 
boundary mass terms with bulk fermions as described with the action ()4Tp . There 



*' The subleading terms in f1g{z) and fjlgiz) dropped in (|5-10p become comparable to tlie 
leading terms at z = Zt^, but they remain suppressed in the bulk. 

**' fnoi^) ^^'^ localized at the Planck brane if a > 3/2, but it is exponentially suppressed 
compared to q{z) for z > 1 in such a case. 
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are two origins for fermion masses; the Yang-Mills AB phase and boundary 
masses /n^, jiq. It can be shown that for a > 1 and z^^"*^""^ <C {iJ,Q/k)z'^ <C — 

0(1) the lightest mass becomes mo — y/k{a — 1)^q and its wave functions are sup- 
presed at the TeV brane for both L and R chiral components. Further SU{2)n is 
broken at the Planck brane so that fig can be chosen to be different for the upper 
and the lower components of Ql- Thus one can realize the observed fermion masses 
with appropriate hq. The detailed discussions will be given in a separate paper. 

§6. Gauge-Higgs self-couplings 

Once wave functions of the W and Z bosons and the Higgs boson are deter- 
mined, the effective four-dimensional couplings among them can be calculated as 
overlap integrals in the fifth dimension. As becomes nonvanishing, the form of 
wave functions substantially changes with large mixing so that the effective four- 
dimensional couplings are expected to have nontrivial ^n-dependence in general. 
This behavior of the couplings provides crucial tests for the gauge-Higgs unification 
scenario. 

The WWZ coupling has been indirectly measured in the LEP2 experiment of 
W pair production. The standard model fits the data well within a few percents 
so that deviation from the value in the standard mode could rule OTit the model 
under consideration. As we shall see below, the WWZ coupling in the gauge-Higgs 
unification in the Randall-Sundrum warped spacetime remains almost universal as 
in the standard model. In the gauge-Higgs unification in fiat spacetime, however, 
substantial deviation results. 

Important predictions from the gauge-Higgs unification scenario are obtained for 
the WWH, ZZH, WWHH and ZZHH couplings where H stands for the Higgs 
boson. These couplings are suppressed compared with those in the standard model. 
This gives a crucial test to be performed at LHC in the coming years. 

6.1. WWZ coupling 

The self-couplings among W, Z and Higgs bosons are determined from the in- 



teraction terms in the twisted basis 
^'^ dz 



igAri^Prf^tv{d^A, - d,A^,)[Ap, A^] + ligAk'Ti^^'ivid^A, - d,A^)[A,,A,] 

+^5Wtr[4,i,][i^,i,] +5iA;2,,'''^tr[i^,i,][i,,i,] | (6-1) 

by inserting the wave functions ofW,Z and H. The relevant part of the expansion 
of the gauge fields is 

4 = Wl[>Hx){h^-iz)T-- + hpiz)T-^ + hUz)T-} 

+Wl,'^\x){h^-iz)T+- + hpiz)T+^ + 4(z)r+} 
+zj^\x){hl^iz)T^^ + hfiz)T^^ + hUz)T^] , 
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= /7W(x)4(z)r^ . (6-2) 

Here T^l = (j^Il ± iT^L)/^ etc.. The W wave functions = h^o^{z) and 

^w^(^) = ^Ao('^) ^'■^ given by (|3-18|) with (j3-28p . The Z wave functions h^'^{z) = 

and = h\Q{z) are given by (l3T8]l with (l3^ . The Higgs wave 

function hjj{z) = h'^Q{z) is given by (j3-5Up . 

The WWZ couphng is evaluated by inserting (j6-2p into the first term in (j6-ip 
and integrating over z. The result is 

+tyWtVFW (^S'^zW^ - S^ZW'^) } (6-3) 
where the coupling gwwz'^s expressed as overlap integrals 



dz 

9WWZ = Qa \ -j^ 



''^^^h%^)' + \ (4)'} + { + \ (4'' 



(64) 



Note that given and kirR, mw determines k. k = 0{Mpi) cooresponds to 
kirR ~ 35. With these parameters we have exact wave functions as summarized in 
(f348]) . (13^ and (ITOD . When k-KR ~ 35 and the warp factor is large e^""^ > 1, 
the approximate expressions for the wave functions of W and Z given by (j5-5p and 
(|5-7p can be employed to find 

gwwz - ; = 2::; ff cos 6*^/ . (6-5) 

1 + 



Here a dimensionless coupling is defined as 



\/ttR 



which is the 4D 5C/(2)l gauge coupling at = 0. In the last equality in (j6-5p . 
(j5-8p has been made use of. We have neglected corrections suppressed by a factor 
of {kTTR)~^ ~ 1/35 in conformity with the approximation employed in deriving 
Eas.(IFiD-(IF7D. 

These couplings (j6-5p have the same values as those in the standard model. 
Although the wave functions vary substantially as On, the triple gauge coupling 
WWZ remains almost universal. The statement can be strengthened by numerically 
integrating (I64p with exact wave functions. In Table Hill the values of the ratio of 

the trilinear couplings (j64p to gA_/ + s'^)'^R are shown for various values of 

and kirR. It is clearly seen that the relation (j6-5p hold to extreme accuracy when 
the warp factor e'^'^^ is large. This is very important in the light of the experimental 
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Table III. The values of a ratio of gwwz(~ 9wwz) to <7a/ + s'^)ttR for 6h ~ tt/IO, 7r/4, 7r/2 
and knR = 35, 3.5, 0.35. 



k-KR 


tt/IO 


7r/4 


7r/2 


35 


0.9999987 


0.999964 


0.99985 


3.5 


0.9999078 


0.996993 


0.98460 


0.35 


0.9994990 


0.979458 


0.83378 



fact that W pair production rate measured at LEP2 is consistent with the WWZ 
couphng in the standard model. In the flat spacetime limit {kiiR — > 0), however, 
substantial deviation from the standard model results with moderate ^h- When 
On = 0(1) gauge-Higgs unification in flat spacetime contradicts with the data for 
the WWZ couphng. 

As can be seen in the overlap integrals in (j6-4p , weight of wave functions is best 
measured in the y = k~^ Inz coordinate. The wave functions of the gauge bosons in 
the warped spacetime in the y coordinate remain almost constants except in a tiny 
region near y = nR even at 7^ 0. (See (|5-5p and (j5-7p .) In the fiat spacetime, 
however, wave functions are deformed substantially at 0h 7^ to have nontrivial 
y-dependence in the entire region, which contributes to substantial deviation in the 
WWZ coupling from the standard model. 

6.2. WWH and ZZH couplings 

A striking prediction of the gauge-Higgs unification scenario is obtained for the 
Higgs couplings to W and Z. Let us consider the WWH and ZZH couplings. The 
4D Higgs filed H = ip^^^ is a part of the 5D gauge fields so that the Higgs couplings to 
W and Z are completely determined by the gauge principle once 0h is given. Unlike 
the WWZ coupling, substantial deviation from the standard model is predicted. 

Indeed, by inserting (j6-2p into the second term in (|6-ip . one finds that 

C^'^ = XwwH i/(0)H^W'^t^(0) + ^XzzH //(O)ZW'^ZW + • • • , (6-7) 

where 

XwwH = 9Ak j^J ^ hi [}4vd, (h^ - h^) - d,h% (h^ - h^) } , 

XzzH = gAk ^ 4 [h%d, (hf - hf^ - d,h% (hl^ - hf^ } . (6-8) 

Recall that the wave function of the Higgs field, hf^^z) (x z = e^^, is localized near 
the TeV brane at z = z.,^ when evaluated in the y-coordinate relevant in the integrals 
(|6-8p . The behavior of the wave functions of W and Z bosons near the TeV brane 
sensitively depends on On so that nontrivial dependence is expected for the WWH 
and ZZH couplings. 

The integrals in (j6-8p can be evaluated in a closed form. Consider XwwH- Insert- 
ing the wave functions into (|6-8p and making use of the identity dz{zFi^i3{Xz, Aztt)} = 
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\zFQ^fj{\z,\zT^) and the last relation in (|C-2p . one finds 

AvFH/// = — — I dz hH{z) 



2,^^2^4-1) c.^(c^,_Ci|») . (6.9) 



The coefficients C^'^ = C^^q^ and = C^q are given by (|3-28p . Similarly for 
^ZZH one finds 



2gAk^j2k{zl - 1) 3 ^ 3^ ^3rn -.^.n 

where the coefficients C^^'^ = c'^^q and cf = C\q are given by (|3-34p . 

The formulas ()6-9p and (16-lOp are exact. They are fairly well evaluated with 
the approximate formulas (|5-4p - ()5-7p . leading to C2 ~ ^/^Tmw / ^k^fR for W and 

6*4 ~ yjlrmz / ^k,^^ (1 + s|)i? for Z. Insertion of these gives 



Ah/wj? - ^^^4t— sin 6'h cos 6'h ^ ff^iH/ • Ph| cos On\ , 

gA\/fc(l + 4) . . . I „ I 

XzzH^ ^ ^ sm 6'h COS 6'h 7^ • Ph| cos 6'h| , (6-11) 

vr/tZTT cos t)w 

where g is defined in (j6-6p and pn = sgn(tan6'H). Both XwwH and XzzH are 
suppressed by a factor cos^h compared with the corresponding couplings in the 
standard model. Unless On is very small, this gives substantial suppression which 
can be checked in the coming experiments at LHC. This is a generic prediction in the 
gauge-Higgs unification in the warped spacetime. It does not depend on the details 
of the model such as fermion content and couplings. 

6.3. Vanishing WWH^^^ and ZZH^"'^ couplings 

There is a Kaluza-Klein (KK) tower of the 4D Higgs field. The 4D Higgs field 
is a part of the fifth dimensional component of gauge potentials. It is associated 
with the Yang-Mills AB phase along the fifth dimension, and is a physical degree 
of freedom. Its KK excited states, however, are unphysical. In the unitary gauge 
they are eliminated to be absorbed by the KK excited states of the four-dimensional 
gauge fields. One may wonder if these KK excited states of the 4D Higgs field, H^"^^ , 
have nontrivial couplings to W and Z. 

The WWH^""^ and couphngs are evaluated in the same manner as the 

WWH and ZZH couplings in Sec. 16. 2i They are given by 



where 



gAk j^J ^ h\,^) {h%d, {h^ - h^) - d:h% {h^ - h^) } , 
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^zzHir^) = 9Ak ^ [h%d, {Pi - Pi) - d,h% {Pi - Pi) } . (6-13) 

We first recall that the spectrum m^=kXf^ for H^'^'^ (n > 1) is determined 
by the equation Fi^i(A^, A^Ztt) = 0. The wave function is given by = 

„zFo,i(A^z, Xn ^tt) where „ is given by (|3-5ip . XwwhM is evaluated as XwwH 
in the previous subsection. A similar expression to the first line in Eq. (j6-9p is 
obtained where hjj is replaced by h^(„) ■ Inserting the wave function, one finds 

^WWH'."'! — 9 / ^-f^Cll^n ^5 ^ra ^7rj 

_ AgAk'^C^ nCwiCp' - Cp^) -1 „ 

— 2 TW ^h^y^n ) 

TT-^mwZjr X^ 

= . (6-14) 

Similarly one finds that Xzzni") = 0- This proves that the WWH^"-'^ and ZZH^"-^ 
couplings identically vanish. 

6.4. and W^Z^ couplings 

The four-dimensional gauge couplings WWW^W^ and WW^ ZZ are evaluated 
from the third term in (I6TI). One finds that 



where the couplings g\Ywww ^^'^ 9wwzz expressed as overlap integrals 



2 2 
^vyvFPVVK = 9a I TZ 



'"^ dz 
kz 



9WWZZ = 9l Yz [{^w~h'i + \h%~Pz}^ + [h%^hf + \h%.Pz}^ 

+\{{^w + hpy4 + h% {Pi + Pi)Y 
Inserting (|5-5p and (|5-7p into (j6-16p . one finds 

2 9^ 2 

9WWWW — = 9 , 



(6-16) 
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9WWZZ - = 5^ cos^ , (6-17) 

which coincide with couphngs in the standard model. 

The quartic gauge couphngs are approximately independent of 0h in the gauge- 
Higgs unification in the warped spacetime, while in flat spacetime they deviate from 
the values in the standard model. The approximate universality of the gauge cou- 
plings in the warped spacetime is guaranteed by the approximately uniform distri- 
bution of the wave functions of the gauge bosons in the entire fifth dimension except 
for the tiny vicinity of the TeV brane. 

6.5. WWHH and ZZHH couplings 

The four-dimensional gauge-Higgs couplings WW^HH and ZZHH are evalu- 
ated from the fourth term in (16-11). One finds that 



£(4) = _ 1 A^^vK/^^T^Wtw^W^ifW/^W _ 1 AWzWzW^i/WifW (6-18) 
where the couplings and ^\zhh ^'^^ expressed as overlap integrals 

A|zHH = %i/"y fe)'{(/^|^-/^|')' + 2(4)'} ■ (6-19) 

As in the case of the cubic couplings XwwH and XzzH, the Higgs wave function 
Q is localized near the TeV brane so that the overlap integrals suffer from nontivial 
On dependence. With ()5-5p and (j5-7p inserted, the integrals in (j6-19p are evaluated 
to be 



^WWHH ~' 



. (6-20) 

ttR V 3 / cos^ 8w ^ 3 



Compared with the values in the standard model, these couplings are suppressed by 
a factor (1 — | sin^ On)- 

One comment is in order. The couplings defined in (I6-19P and ()6-20p are to 
be called as the bare WW^HH and ZZHH couplings. In the effective theory at 
low energies where all heavy modes are integrated out, the effective WW^HH and 
ZZHH couplings contain contributions coming from tree diagrams involving 
and Z^") as intermediate states. Their contributions may not be negligible, and need 
careful examination. 

The suppression of the bare Higgs couplings is a generic feature of the gauge- 
Higgs unification, and should be used for testing the scenario by experiments. 
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§7. Gauge couplings of fermions 
Inserting (|3-9p and (|4-lip into 

5gc = Jd'x j^J ^ [oAh^A^^ + ^-jh^B^Q^^i^^] , (7-1) 



we obtain 

Win) Win) 



n i=l 

+ E^?"^E{^2f^^S7-^??+^S^^^S7'^^S} + -- - , (7-2) 



where the elhpsis denotes terms involving the massive K.K. modes of the fermions. 
The 4D gauge couplings are given by 

^Li — \ ) 2 Ji k ['•'^''^' 7,z{") l-'i.ol 7,z(") 

where (?b-l is an eigenvalue of Qb-l- The index i = 1, 2 denotes the SU (2)p{-doublet 
index. The same expressions hold for the right-handed (R) components where L is 
replaced by R. The wave functions h^\n)^ ^zV) given by (j3-30p . (j3-3ip and 

by (|3-34p . respectively. In a simplified model without boundary mass terms there 
results nontrivial couplings of right-handed fermions to W bosons. 

From the approximate expressions of the mode functions (j5-5p , (j5-7p , and ()5-10p , 
the 4D gauge couplings are found to be 

WiO) 9 A ,x 
ffL ~ = 9 , (7-4) 

9l 1 Z— \ ^ sm 6lvy ^ , (7-5 

2J{l + sl)TiR cos^w- I 2 J 

^7^°^ = e^EM , (7-6) 
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where e = gA sin 9w / V t^R = gsuiOy/ is the C/(1)em gauge couphng constant and 
qem = {(— + 9b-l} /2 is the electromagnetic charge. The relation (j5-8p has 
been made use of in the second equality in (j7-5p . Note that Eqs. (j7-4p . (j7-5p and 
(|7-6p agree with the counterparts in the standard model. Rigorously speaking, the 
couplings 5]^^"^ and g'f}'^'' have small dependence on the parameter a, which leads 
to tiny violation of the universality in weak interactions as discussed in Ref . 37) . It 
was found that there results violation of the ^-e universality of 0(10^^), which is 
well in the experimental bound. 

g^^'^^ and g'^'^'* for a multiplet ^ , however, substantially deviate from the stan- 
dard model values. For instance, one finds g^^^^ — 5(1 — cos^h)/2. This is because 
the mode functions of the right-handed fermions are localized near the TeV brane for 
a > 1. Since K.K. excited states are also localized near the TeV brane, the mixing 
with K.K. excited states becomes strong, leading to the deviation. The problem can 
be avoided by introducing boundary fields xr,l with boundary mass mixing with 
bulk fermions, i.e., fJ-qj^iQ 7^ as in the action (|4-ip . It can be arranged such that 
right-handed components mainly consist of boundary fields on the Planck brane so 
that the deviation of the gauge couplings from the standard model become small 
enough. 



§8. Summary 



Gauge-Higgs unification in warped spacetime has many attractive features. It 
identifies the 4D Higgs field with a zero mode of the extra-dimensional components 
of the gauge fields, or the Yang-Mills AB phase in the extra dimensions. The Higgs 
couplings are determined by the gauge principle and the structure of background 
spacetime. 

Although the wave functions of the W and Z bosons substantially vary as On, the 
WWZ, WWWW , and WW ZZ couplings in the warped spacetime remain nearly the 
same as in the standard model. However, these couplings considerably deviate from 
the standard model in the flat spacetime, thus contradicting the LEP2 data on the 
W pair production. These stem from the fact that the wave functions of the gauge 
bosons in the warped spacetime remain almost constants except in a tiny region 
near y = ttR even at 7^ while they are deformed substantially to have nontrivial 
y-dependence in the entire region in the flat spacetime. The warped spacetime saves 
the universality of the gauge couplings. 

The important deviation from the standard model shows up in the Higgs cou- 
plings. We have shown that the WWH and ZZH couplings are suppressed by a 
factor cos compared with those in the standard model whereas the bare WWHH 
and ZZHH couplings are suppressed by a factor 1 — | sin^ 0h- The precise content 
of matter fields affects the location of the global minimum of the effective potential 
Kfr(^H)- Once the value of is determined, the wave functions of W , Z, and H are 
fixed as functions of ^h- Hence the suppression of the Higgs couplings to W and Z is 
a generic feature of the gauge-Higgs unification, and is independent of the details of 
the model. It can be used to test the scenario. A similar suppression of these Higgs 
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couplings are recently discussed in Ref. 43) with detailed phenomenological studies in 
the context of models where the Higgs emerges from a strongly-interacting sector as 
a pseudo-Goldstonc boson, which arc closely related to the gauge-Higgs unification 
models. The phenomenological study of our results such as detailed detectability at 
LHC/ILC is an important issue and need to be investigated. 

As briefly discussed in the present paper, additional brane interactions are nec- 
essary to have a realistic spectrum and gauge couplings of fermions. Wave functions 
of fermions sensitively depend on such interactions, and so do Yukawa couplings. In 
Ref. 37) it is shown that Yukawa couplings in a model without brane interactions 
are also suppressed compared with those in the standard model. It is expected that 
Yukawa couplings are suppressed in a more realistic model with brane interactions 
as well, but definitive statements must be awaited until precise form of the action is 
specified in the fcrmion sector. 



Acknowledgements 

This work was supported in part by JSPS fellowship No. 0509241 (Y.S.), and by 
Scientific Grants from the Ministry of Education and Science, Grant No. 17540257, 
Grant No. 13135215, Grant No. 18204024, and Grant No. 19034007(Y.H.). One of 
the authors (Y.H.) would like to thank the Aspen Center for Physics for its hospitality 
where a part of this work was done. 



Appendix A 

SO{5) generators 

The spinorial representation of the SO (5) generators is given by 

where (d = 1, 2, 3, 4) and T"L'"r (ol, or = 1, 2, 3) are respectively the generators 
of SO(5)/50(4) and SO(4) ~ SU{2)l x 5C/(2)r, and aa = (a,-il2). They are 
normalized as 

tr(r^r-^) = ^5^-^, (A-2) 

where I,J= (ol, or, d)- 



Appendix B 

Useful formulae for Bessel functions 

Here we collect useful formulae for the Bessel functions. Jq {z) and Y^ (z) denote 
the Bessel functions of the first and second kinds, respectively. 

n=0 ^ ' 
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sinvra 



{cos t: a ■ J a{z) — J ^a{z)} for a 7^ an integer, 



da da 
Their behavior for \z\ ^ 1 is given by 



(B-2) 



for a = n = an integer. 



Ja{z) ~ \/ cos Z 



TTZ 



~ 1 / — sm I z 

TTZ 



(2q + l)7r 



(2a + l)7r 



These Bessel functions satisfy the following relations. 

Zq_i(z) + Za+liz) = ^Za(z), 
'^^2^Z^^ = '^Za{z) - Za+l{z) = Za-l{z) - ^Za{z), 

2 

Ja{z)Ya-l{z) - Ya{z)Ja-l{z) = , 



(B-3) 



TTZ 



(B-4) 



dz zZn 



Za{\z)Za{\z) = ^ ^2Za{\z)Za{\z) - Z a~l{\z) Z a+l{\z) 

-Z„+i(Az)Zq_i(Az)| , 
where Za{z), Za{z) are linear combinations of Ja{z) and Ya{z). 



Appendix C 

Properties of Fa^f^{u,v) 



Using the Bessel functions, we define a function 

Fa,l3{u,v) = Jaiu)Yi3{v) - Ya{u)Ji3{v). 

Using ()B-4p . this satisfies the following relations. 



Fa,a-l{u,u) = -Fa,a+l{u,u) 

2a 



TTU 



U 

-Fa—l,a 

{u,v)Fa^a-l{u,v) = Fa-l,a-l{u,v)Fa,a{u-,v) 



TT^UV 



(B-5) 



(C-1) 



(C-2) 



For non-integer a, we can express Fa^a{u,v), Fa^a~i{u,v), and Fa^i^aiu,v) solely in 
terms of the Bessel function of the first kind as 



Fo,^a{u,v) 



1 



smvra 
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a,a—l 



1 



{Ja{u)Ji^aiv) + J-aiu)Ja-l{v)} , 



smira 

Fa-l,a{u,v) = {Ja-l{u)J-a{v) + Jl-a{u)Ja{v)} 

sinvra 

Using these expressions and ()B-ip . we obtain for z > 1 and Az ^ 1, 



(C-3) 



F„,a(A, Az) 
F„,a_i(A, Az) 



z — z 

na 
2 



{i + o(aV)}, 

A 



ttAz" 27ra(l — a) 

-4^{i + o(aV,aV-)} 

2 



{z" - (1 - a)z-" - az2-"} {1 + 0(A2z2)} 



vrAz 



+ 



l-a 



{zi-° - az°-i - (1 - a)z"+H |1 + OfA^z^)) 

27ra(l — a) 

^{l + 0(AV,AV(-"))}. 



(C-4) 



From (IB-Sp . we obtain 



dz zFJ^^(Aiz, A2) 



{^a,/3(Al2:, A2) - i^a+l,/3(AlZ, A2)Fc,_i,/3(AiZ, A2)} 



J 1 



{F2^(AiZ,A2)+F2^1,^(AiZ,A2) 

2a 

— T Fa,l3{XlZ, A2)-Fa±l,/3(AiZ, A2^ 

A^Z 



(C-5) 



In the second equality, we used the third equation of (lC-2p . Using this, we obtain the 
fohowing integral formulae, which are useful for determining normalization factors 
of the mode functions. 



dz zF^ fl(Az, Aztt) = - 



1 



2 7r2A2 A 



2a 2 



/3 - ^a- 



dz zFJ_i_^(Az, Az^) = ^ 



1 / 4 2(a - 1) 



2 1 7r2A2 



+ 



(C-6) 



Fq,^^ in the right-hand sides are understood as Fa^^(A, Azjr). 
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